Black Hole Entropy and Entropy of Entanglement by Kabat, Daniel
ar
X
iv
:h
ep
-th
/9
50
30
16
v3
  2
0 
Ju
l 1
99
5
BLACK HOLE ENTROPY AND ENTROPY OF ENTANGLEMENT
Daniel Kabat
Department of Physics and Astronomy
Rutgers University
Piscataway, NJ 08855–0849
kabat@physics.rutgers.edu
Abstract
We compare the one-loop corrections to the entropy of a black hole, from quantum fields of
spin zero, one-half, and one, to the entropy of entanglement of the fields. For fields of spin
zero and one-half the black hole entropy is identical to the entropy of entanglement. For
spin one the two entropies differ by a contact interaction with the horizon which appears in
the black hole entropy but not in the entropy of entanglement. The contact interaction can
be expressed as a path integral over particle paths which begin and end on the horizon; it
is the field theory limit of the interaction proposed by Susskind and Uglum which couples
a closed string to an open string stranded on the horizon.
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1. Introduction and Overview
Black holes have thermal properties. This remarkable fact can be established by anal-
ogy with an ordinary thermodynamic system, where temperature is the inverse periodicity
in Euclidean time, and entropy is the variation of free energy with respect to temperature.
The temperature of a black hole is fixed by requiring that the Schwarzschild metric yield a
smooth solution of the Einstein equations when continued to imaginary time. This forces
the periodicity of the Euclidean time coordinate to be the inverse Hawking temperature.
The entropy of a black hole is then found by varying the periodicity in Euclidean time
while holding the geometry on a spatial slice fixed, a procedure which introduces a coni-
cal singularity at the horizon. The classical action for gravity evaluated on such a space
leads to the usual expression for black hole entropy [1,2], while quantum corrections to the
classical entropy result from fluctuations of the metric or matter fields in the background
with the conical singularity. We work in the limit of infinitely massive black holes, so that
curvature vanishes except possibly on the horizon, and the inverse Hawking temperature
becomes the 2π periodicity of the plane in polar coordinates.
Quantum corrections to the entropy from matter fields have been extensively studied
[3–12]. It has been realized that, in some cases, these corrections have a state counting
interpretation as entropy of entanglement, or equivalently, as Rindler thermal entropy. A
quantum field in its Minkowski vacuum state has correlations between degrees of freedom
located on opposite sides of an imaginary boundary, so measurements made only on one
side of the boundary see a mixed state, with a corresponding entropy of entanglement.
The density matrix which describes the mixed state is a thermal density matrix in Rindler
coordinates, and entropy of entanglement may be equivalently understood as the thermal
entropy which the field carries in Rindler space.
In this paper we explore the relationship between black hole entropy and entropy of
entanglement for matter fields of spin zero, one-half, and one. We distinguish between
black hole entropy, given by the response of the field to a conical singularity, and entropy
of entanglement, obtained from the density matrix which describes the vacuum state of
the field as observed from one side of a boundary in Minkowski space. For spins zero and
one-half, there is no need for the distinction: the one loop correction to the black hole
entropy is equal to the entropy of entanglement. At spin one, the black hole entropy is
equal to the entropy of entanglement plus a contact interaction with the horizon. The
contact interaction cannot be interpreted as entropy of entanglement in quantum field
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theory; indeed we will see that it makes the one loop correction to the black hole entropy
negative.
The first hint that something non-trivial happens for spin one comes from its one-loop
renormalization of Newton’s constant. The effective action from integrating out a matter
field in a curved background may be expanded in derivatives of the metric.
βF =
∫
ddx
√
gLeff
Leff = −1
2
∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
(c0
s
+ c1R +O(s)
)
We must evaluate this effective action on a space which is a cone of deficit angle 2π − β
times a transverse flat (d − 2)-dimensional space with area A⊥. Susskind and Uglum
[7] have argued that for infinitesimal deficit angles only the Einstein-Hilbert term in the
effective action contributes, so that we only need to know the coefficient c1 [13].
c1 =


1
6 minimally coupled scalar
1
12
2[d/2] Dirac fermion (with 2[d/2] components)
d−2
6
− 1 abelian gauge field including ghosts
The integral of the scalar curvature is proportional to the deficit angle of the cone,∫
ddx
√
gR = 2A⊥(2π − β). At the on-shell temperature β = 2π, the contribution of
the field to the entropy of a black hole is given by
S =
(
β
∂
∂β
− 1
)∣∣∣∣
β=2π
(βF )
= 2πc1A⊥
∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
.
(1.1)
Note that the contribution to the entropy is proportional to the horizon area (set A⊥ = 1
in d = 2). It is ultraviolet divergent; ǫ is an ultraviolet cutoff put in by hand. In d = 2 it
also diverges in the infrared and the mass m must be kept non-zero to provide a cutoff.
For d < 8 a spin one field makes a negative contribution to the coefficient of the
Einstein-Hilbert term and also, therefore, to the black hole entropy. This negative contri-
bution is responsible for the non-renormalization of Newton’s constant in certain super-
symmetric theories. It means, however, that the contribution to the black hole entropy
from a spin one field cannot be identified solely with entropy of entanglement or Rindler
thermal entropy, both of which are intrinsically positive quantities.
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To understand this better we turn to the work of Susskind and Uglum [7], who advo-
cate that black hole entropy can be understood within string theory. The string diagrams
they claim are responsible for black hole entropy are shown in Fig. 1. The genus zero
diagram if time sliced with respect to the polar angle around the horizon describes the
propagation of an open string with its ends stuck on the horizon. There are two classes of
diagrams at one loop. The first class describes the propagation of a closed string around
the horizon, and has a thermal interpretation as a string at a position-dependent proper
temperature. The second class describes an interaction between a closed string and an
open string stranded on the horizon. It does not have a thermal interpretation, and can
only be viewed as an interaction correction to the entropy which is present at genus zero.
Unfortunately it is difficult to give a precise meaning to these string diagrams, since they
involve defining string theory in an off-shell background [14].
At low energies, the string diagrams reduce to the particle diagrams of Fig. 2. The
physical interpretation of the classical entropy as counting configurations of stranded
strings is lost. At one loop we have a thermal interpretation of a particle encircling the
horizon, but also expect to find a contact interaction with the horizon. Susskind and
Uglum have suggested that this contact term is responsible for the non-renormalization of
Newton’s constant in certain supersymmetric theories.
horizon
Fig. 1. String diagrams responsible for the black hole entropy up to one loop.
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horizon
Fig. 2. Low energy limit of the string diagrams.
Motivated by these particle diagrams we calculate the partition function on a cone for
fields of spin zero, one-half, and one. We now summarize our main results. For a scalar
field the relevant one loop determinant may be expressed in terms of a single particle path
integral, which can be explicitly evaluated.
βFscalar =
1
2
log det(− +m2)
= −1
2
∫ ∞
ǫ2
ds
s
∫
closed loops
Dx(τ) exp−
∫ s
0
dτ
(
1
4
gµν x˙
µx˙ν +m2
)
= −π
2
3β
A⊥
(
1−
(
β
2π
)2)∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
In the final line we drop a divergent cosmological constant, which does not affect the
entropy. In two dimensions A⊥ = 1, and the mass must be kept non-zero as an infrared
regulator. Note that the on-shell entropy agrees with the result obtained above from
the renormalization of Newton’s constant; this shows that the argument of Susskind and
Uglum that only the Einstein-Hilbert term contributes is valid. We will show that this
entropy is equal to the entropy of entanglement, as well as the Rindler thermal entropy, of
a scalar field.
For an Abelian gauge field we have the following one loop determinant. We use a
covariant gauge, neglect the cosmological constant, and introduce an infrared regulating
4
mass which may be set to zero in greater than two dimensions.
βFgauge =
1
2
log det
(
gµν(− +m2)−Rµν +
(
1− 1
ξ
)
∇µ∇ν
)
− log det(− +m2)
= (d− 2)βFscalar
+ β
∫ ∞
ǫ2
ds
∫
x(0)=x(s)∈ horizon
Dx(τ) exp−
∫ s
0
dτ(
1
4
gµν x˙
µx˙ν +m2)
− βA⊥
∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
The first term is the free energy of d− 2 scalar fields, corresponding to the d− 2 physical
polarizations of a gauge field. The next term is a surface term at the horizon, expressed
as an integral over particle paths which begin and end on the horizon. The last term is
actually a surface term at infinity; it will cancel the the surface term at the horizon when
β = 2π. The path integrals may be explicitly evaluated.
βFgauge = (d− 2)βFscalar + A⊥(2π − β)
∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
This gives the same on-shell entropy as was obtained above from the renormalization of
Newton’s constant. We will show that the bulk term in the black hole entropy is equal
to the entropy of entanglement of the field, and can also be understood as bulk thermal
entropy in Rindler space. The surface term, on the other hand, does not admit a thermal
or state counting interpretation; it is not present in the entropy of entanglement.
In two dimensions a Dirac fermion has the same partition function on a cone as a
scalar field, βFDirac = βFscalar (modulo a cosmological constant). This gives the same
on-shell entropy as was obtained above from the renormalization of Newton’s constant.
It is equal to the entropy of entanglement, as well as the Rindler thermal entropy, of the
Dirac field.
The rest of this paper develops these claims in detail. In the next section we consider
scalar fields; many of the results exist in the literature but we will need them for reference.
The following two sections treat Abelian gauge fields and Dirac fermions. In the final
section we summarize our results and speculate about their implications.
5
2. Scalar Fields
We wish to show that the entropy of entanglement of a scalar field is identical to the
entropy which it contributes to a black hole. We’ll begin from the definition of entropy of
entanglement, and show that it can be calculated from the partition function on a cone.
For simplicity we work in two dimensions.
First, we must find the Minkowski vacuum state of the field. The vacuum wavefunc-
tional is given by a Euclidean path integral on the upper half plane.
ψ[φ0(x)] =
∫
φ(τ=0,x)=φ0(x)
Dφ exp−
∫ ∞
0
dτ
∫ ∞
−∞
dx
(
1
2
gµν∂µφ∂νφ+
1
2
m2φ2
)
A classical field φcl obeying the equations of motion and the relevant boundary conditions,
φcl(τ = 0, x) = φ0(x) and φcl → 0 as τ → ∞, may be given in terms of the Dirichlet
Green’s function on the upper half plane, which can be constructed by the method of
images.
φcl(τ, x) =
∫ ∞
−∞
dx′∂τ ′
∣∣
τ ′=0
GD(τ, x|τ ′, x′)φ0(x′)
GD(τ, x|τ ′, x′) = G(τ, x|τ ′, x′)−G(τ, x| − τ ′, x′)
The Gaussian path integral is easily evaluated.
ψ[φ0(x)] = det
1/2GD exp
∫ ∞
−∞
dx
∫ ∞
−∞
dx′φ0(x)∂τ
∣∣
τ=0
∂τ ′
∣∣
τ ′=0
G(τ, x|τ ′, x′)φ0(x′)
Next we express this vacuum wavefunctional in a more convenient basis. In polar co-
ordinates on the plane, the quantum mechanical rotation generator (Rindler Hamiltonian)
HR =
√−r∂rr∂r +m2r2 is self-adjoint with respect to the inner product < φ1|φ2 >=∫∞
0
dr
r φ
∗
1φ2; its eigenfunctions obey the expected completeness relations.
φE(r) =
1
π
√
2E sinhπEKiE(mr)
HRφE(r) = EφE(r) 0 < E <∞∫ ∞
0
dr
r
φE(r)φE′(r) = δ(E −E′)
(2.1)
The Green’s function takes on a canonical thermal form when expressed in terms of these
eigenfunctions [15].
G(r, θ|r′, θ′) = 1
2π
K0
(
m
√
r2 + r′2 − 2rr′ cos(θ − θ′)
)
=
∞∑
n=−∞
∫ ∞
0
dE
2E
e−E|θ−θ
′+2πn|φE(r)φE(r
′)
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Entropy of entanglement, relative to a division of space at x = 0, is defined as the
entropy of the density matrix obtained by tracing out the degrees of freedom located at
x < 0 from the vacuum density matrix |0 >< 0|. Set φ0(x) = φ−(x)θ(−x) + φ+(x)θ(x).
By expressing φ− and φ+ in terms of the Rindler eigenfunctions one finds that the vacuum
wavefunctional is an infinite product of harmonic oscillator propagators,
ψ[φ−, φ+] = det
1/2GD exp−1
2
∫ ∞
0
EdE
sinhπE
[ (
φ2+(E) + φ
2
−(E)
)
coshπE
− 2φ+(E)φ−(E)
]
=
∏
E
< φ−(E)|e−πHE |φ+(E) >
where HE is the quantum mechanical Hamiltonian for a harmonic oscillator of frequency
E. The oscillator is evolved through π in imaginary time, from an initial coordinate φ+(E),
to a final coordinate φ−(E). A precise definition of the product over E could be given by
putting the system in a box to make the spectrum discrete.
This shows that the entanglement density matrix is a thermal ensemble with respect
to the Rindler Hamiltonian at an inverse temperature β = 2π. This is of course the Unruh
effect [16], that the Minkowski vacuum state of a quantum field is a thermal state in Rindler
space. It means that entropy of entanglement may be calculated as thermal entropy in
Rindler space. Although the explicit calculation we have performed is specific to a scalar
field, the formal proof that entropy of entanglement and Rindler thermal entropy are the
same is quite general [3,15,9].
To calculate the entropy of entanglement we are lead to construct thermal ensembles
with respect to the Rindler Hamiltonian at an arbitrary temperature (β 6= 2π). The next
step in making contact with black hole entropy is to write the Rindler thermal partition
function as a determinant, which in turn becomes a functional integral on ‘optical space’
[17,18,19,20].
Z = det−1/2
(−∂2θ +H2R)
=
∫
φ(θ+β,r)=φ(θ,r)
Dφoptical exp−
∫ β
0
dθ
∫ ∞
0
dr
r
1
2
φ
(−∂2θ +H2R)φ
The eigenfunctions entering in the determinant are to be periodic in θ with period β. The
action in the path integral is exactly the action for a scalar field on a cone of deficit angle
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2π − β. The integration measure is different, however, since it must be defined by∫
Dφoptical exp−1
2
∫
d2x
√
goptical φ
2 = 1
ds2optical =
1
r2
(
dr2 + r2dθ2
)
0 ≤ θ ≤ β
This optical measure is what one would obtain by writing the action for a scalar field on a
cone in first order formalism, with coordinates φ(x) and momenta π(x), and adopting the
canonical measure DπDφ = ∏
x
dπxdφx
2π . Integrating out the momenta leaves the measure
Dφoptical for the integration over coordinates [20].
Rather than use these optical/canonical measures, we would like to do our calculations
on a cone using a manifestly coordinate covariant measure.∫
Dφcovariant exp−1
2
∫
d2x
√
gcone φ
2 = 1
ds2cone = dr
2 + r2dθ2 0 ≤ θ ≤ β
Evidently there is a conflict between manifest covariance and the canonical measure. As the
conical and optical metrics are related by a conformal transformation, ds2cone = r
2ds2optical,
with a conformal factor that is independent of θ, the corresponding integration measures
differ by the exponential of a term of O(β) (a Liouville action in the case of a massless
scalar field [20]). This difference does not affect the thermodynamics, which establishes
that the entropy of entanglement of a scalar field may be computed from its covariant
partition function on a cone.
We conclude this section with a calculation of the scalar partition function [21]. We
work in arbitrary dimension on a space which is a cone of deficit angle 2π − β times a
transverse flat (d − 2) dimensional space with area A⊥. The free energy can be written
with an integral representation for the logarithm,
βF =
1
2
log det(− +m2)
= −1
2
∫
d2x
√
g
∫ ∞
ǫ2
ds
s
e−sm
2
K(s, x, x) ,
(2.2)
where the heat kernel K(s, x, x) may be expressed as a single particle path integral.
K(s, x, x′) =< x|e−s(− )|x′ >
=
∫
x(0)=x′
x(s)=x
Dx(τ) exp−
∫ s
0
dτ
1
4
gµν x˙
µx˙ν
8
To evaluate the heat kernel we diagonalize the Laplacian.
φklk⊥(r, θ) =
eik⊥·x⊥
(2π)(d−2)/2
(k/β)1/2 ei2πlθ/βJ|2πl/β|(kr)
− φklk⊥ =
(
k2 + k2⊥
)
φklk⊥ l ∈ Z , k ∈ R+, k⊥ ∈ Rd−2∫
ddx
√
g φ∗klk⊥φk′l′k′⊥ = δl l′ δ(k − k′) δ(d−2)(k⊥ − k′⊥)
(2.3)
We have chosen eigenfunctions which are regular at the origin, corresponding to the
Friedrichs extension of the Laplacian on a cone [22]. The heat kernel is given in terms
of these eigenfunctions as
K(s, x, x′) =
∞∑
l=−∞
∫ ∞
0
dk
∫
dd−2k⊥e
−s(k2+k2⊥)φklk⊥(x)φ
∗
klk⊥
(x′) .
The sum and integral may be performed [23,24], with the result that at coincident points
K(s, x, x) =
1
(4πs)d/2
− 1
2β
1
(4πs)d/2
∫ ∞
−∞
dy e−
r
2
s
cosh2(y/2)
(
cot
π
β
(π + iy) + cot
π
β
(π − iy)
)
.
(2.4)
The first term 1/(4πs)d/2 in the heat kernel gives rise to a divergence in the free energy,
which can be absorbed in a renormalization of the cosmological constant, and which does
not affect the entropy. From the remainder of the heat kernel we find
βFscalar = −π
2
3β
A⊥
(
1−
(
β
2π
)2)∫ ∞
ǫ2
ds
(4πs)d/2
e−sm
2
. (2.5)
This is the result given in the Introduction.
3. Vector Fields
We now show that the entropy of entanglement of an Abelian gauge field in two
dimensions is identically zero, while the black hole entropy is given by a non-zero surface
term at the tip of the cone.
It is easiest to see that the entropy of entanglement vanishes in Coulomb gauge. In
Cartesian coordinates on the plane, Coulomb gauge corresponds to setting Aτ = 0 and
∂xAx = 0. There are no dynamical degrees of freedom in this gauge, so there can be no
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correlations present across a boundary, and the entropy of entanglement unambiguously
vanishes.1
Defining the Rindler thermal entropy of a gauge field is more subtle. Introduce polar
coordinates on the plane. It is tempting to adopt Coulomb gauge, by setting Aθ = 0 and
∂rAr = 0. It seems that there are no degrees of freedom in this gauge, so the Rindler
thermal entropy must vanish. But Coulomb gauge breaks down at the origin, where Aθ
is ill-defined, so this argument is only valid in the bulk: it shows that the bulk Rindler
thermal entropy of a two dimensional gauge field vanishes.
In order to include the origin in our treatment, we must use a different gauge. We
now re-analyze the problem in covariant gauge. What we shall find is that, instead of
unambiguously vanishing, the Rindler thermal entropy is ill-defined, because the Rindler
Hamiltonian does not have normalizeable eigenstates.
In covariant gauge we diagonalize the quantum mechanical Rindler Hamiltonian as
follows. The equations of motion in covariant gauge ∇µFµν + 1ξ∇ν∇µAµ = 0 are solved
by the ansatz
ALµ = ∂µφ
ATµ =
√
gǫµν∂
νφ ,
where φ is a solution of the scalar equation of motion φ = 0. We seek solutions of
the form Aµ(r, θ) = e
−EθAE µ(r). Given an eigenfunction φE(r) of the scalar Rindler
Hamiltonian (2.1) we can construct a zero mode of the Laplacian, φE(r, θ) = e
−EθφE(r),
and in turn a pair of eigenfunctions of the vector Rindler Hamiltonian.
e−EθALE µ(r) = ∂µφE(r, θ)
e−EθATE µ(r) =
√
gǫµν∂
νφE(r, θ)
These vector eigenfunctions are not acceptable, however. As r → 0, they behave like 1/r,
and this makes them too singular to be δ-function normalizeable in the inner product
< A|B >=
∫ ∞
0
dr
r
gµνA∗µBν .
We see that the quantum mechanical Rindler Hamiltonian is ill-defined in covariant
gauge, and that a thermal partition function cannot be constructed, due to the bad be-
havior of the eigenfunctions near the origin. In this way a vector field escapes the formal
proof that entropy of entanglement is equal to black hole entropy [3,7,8,9,15].
1 A possible constant background electric field does not change this conclusion [25].
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One can nevertheless define the partition function for a gauge field on a cone using a
path integral [26]. In the absence of a Hamiltonian description of this path integral, the
entropy obtained by varying with respect to the deficit angle of the cone can and does
come out negative. We begin in two dimensions and work in covariant gauge. The free
energy may be expressed as a determinant.
βFgauge = βFvector + βFghosts
=
1
2
log det
(
gµν(− )−Rµν +
(
1− 1
ξ
)
∇µ∇µ
)
− log det(− )
To calculate the determinant we diagonalize the vector wave operator. The explicit cur-
vature term Rµν in the wave operator is a delta function at the tip of the cone; to treat
this in a well defined way we delete the point at the tip, and work on the space R2 − {0}.
Eigenfunctions of the vector wave operator may then be generated from eigenfunctions of
the scalar Laplacian (2.3), using the same ansatz we used above to solve the equations of
motion.
ALkl(r, θ) =
1
k∂µφkl(r, θ) with eigenvalue
1
ξk
2
ATkl(r, θ) =
1
k
√
gǫµν∂
νφkl(r, θ) with eigenvalue k
2
k ∈ R+, l ∈ Z
∫
d2x
√
ggµνAL ∗kl µA
L
k′l′ ν =
∫
d2x
√
ggµνAT ∗kl µA
T
k′l′ ν = δll′δ(k − k′)
(3.1)
The vector determinant can be expressed in terms of these eigenfunctions via a heat kernel.
It is necessary to introduce both ultraviolet and infrared cutoffs in d = 2.
βFvector = −1
2
∫
d2x
√
g
(∫ ∞
ǫ2
L
ds
s
e−sm
2
LgµνK
µν
L (s, x, x)
+
∫ ∞
ǫ2
T
ds
s
e−sm
2
T gµνK
µν
T (s, x, x)
)
KµνL (s, x, x
′) =
∞∑
l=−∞
∫ ∞
0
dke−sk
2/ξAµL(x)A
ν ∗
L (x
′)
KµνT (s, x, x
′) =
∞∑
l=−∞
∫ ∞
0
dke−sk
2
AµT (x)A
ν ∗
T (x
′)
(3.2)
We fix the remaining ambiguity in these expressions by imposing some physical require-
ments.
First, the vector wave operator must be self-adjoint. When a vector field is expressed
in terms of a scalar field using the ansatz (3.1), this becomes the requirement that the scalar
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field be non-singular at the tip of the cone. So in constructing the vector determinant, we
must use the non-singular scalar eigenfunctions (2.3).
Second, we must impose BRST invariance,
δχAµ = iχ∂µη2 δχ η1 =
1
ξ
χ∇µAµ δχ η2 = 0
where η1, η2 are real scalar ghosts and χ is a Grassmann parameter. This requires that
the ghost determinant be constructed from the same scalar eigenfunctions that enter in
the vector determinant. Note that BRST invariance plus self-adjointness implies that
βFghost = −2βFscalar, with the scalar determinant given in (2.5).
Third, we’d like the partition function to be independent of the gauge fixing parameter
ξ. The partition function is gauge invariant; it will be independent of ξ provided we use
a gauge invariant cutoff. Suppose we regulate the ghost determinant as in (2.2), with an
infrared cutoffm and an ultraviolet cutoff ǫ. If we set the cutoffs on the vector determinant
(3.2) according to
ǫ2L = ξǫ
2, m2L = m
2/ξ
ǫ2T = ǫ
2, m2T = m
2
then ξ will drop out of the free energy, upon rescaling the proper time s→ ξs. No matter
what choice of covariant gauge one makes initially, with this choice of cutoffs one ends up
in Feynman gauge, with ξ = 1.
In fact this choice of cutoffs is not arbitrary. We have constructed regulated determi-
nants, defined by
log detL ≡ Tr
(
e−ǫ
2L log ǫ2(L+m2)
)
.
A BRST transformation relates a ghost mode with eigenvalue k2 to a longitudinal mode
with a different eigenvalue k2/ξ. To respect BRST invariance the regulator must modify
these two eigenvalues in the same way, which fixes the above relationship between the
ghost and longitudinal cutoffs.
We continue with the calculation of the partition function, by expressing the spin-
traced vector heat kernel at coincident points in terms of the eigenfunctions (3.1). We set
ξ = 1.
gµνK
µν
vector(s, x, x) = 2
∞∑
l=−∞
∫ ∞
0
dk
βk
e−sk
2
((
∂rJ|2πl/β|(kr)
)2
+
(
2πl
βr
J|2πl/β|(kr)
)2)
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This is equal to the scalar heat kernel plus a total derivative.
gµνK
µν
vector(s, x, x) = 2Kscalar(s, x, x) +
∞∑
l=−∞
∫ ∞
0
dk
βk
e−sk
2 1
r
∂rr∂r
(
J|2πl/β|(kr)
)2
= 2Kscalar(s, x, x) +
1
r
∂r
∫ ∞
s
ds′r∂rKscalar(s
′, x, x)
= 2Kscalar(s, x, x) +
2
r
∂rsKscalar(s, x, x)
The last equality may be checked from the explicit expression for Kscalar given in (2.4).
It is a consequence of dimensional analysis; on dimensional grounds the scalar heat kernel
takes the form 1s′ f(r
2/s′), so we can replace r∂r with −2∂s′s′, making the s′ integral trivial.
The free energy becomes
βFvector = −
∫
d2x
√
g
∫ ∞
ǫ2
ds
s
e−sm
2
Kscalar(s, x, x)
+ β
∫ ∞
ǫ2
dse−sm
2
(
Kscalar(s, 0, 0)− 1
4πs
)
.
The term 1/4πs is a surface term from r = ∞, which will cancel the surface term from
r = 0 if β = 2π. The bulk contribution from the vector cancels against the ghosts in d = 2.
The scalar heat kernel was explicitly evaluated in (2.4); representing it as a single particle
path integral leads to the result given in the Introduction, that the free energy for a gauge
field in two dimensions is given solely by a surface term, which is an integral over particle
paths beginning and ending on the horizon.
βFgauge = βFvector + βFghosts
= β
∫ ∞
ǫ2
ds

 ∫
x(0)=x(s)=0
Dx(τ) exp−
∫ s
0
dτ(
1
4
gµν x˙
µx˙ν +m2)− e
−sm2
4πs


= (2π − β)
∫ ∞
ǫ2
ds
4πs
e−sm
2
It is straightforward to extend this result to higher dimensions. We will only discuss
Feynman gauge ξ = 1, since the gauge fixing parameter drops out of the free energy
with a suitable choice of cutoffs, just as it did in two dimensions. It is convenient to
introduce indices in the r–θ plane, α, β = r, θ, and indices in the transverse flat directions,
i, j = 1, . . . , d−2. The vector field Aµ decomposes into a two dimensional vector Aα, and a
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collection of d− 2 scalar fields Ai. The vector wave operator is block diagonal in Feynman
gauge.
(− A)α = (−∇β∇β − ∂j∂j)Aα
(− A)i = (−∇β∇β − ∂j∂j)Ai
Note the distinction: in the first line, the covariant derivative acts on a vector, while in the
second it acts on a scalar. The eigenfunctions of the vector wave operator can be expressed
in terms of the scalar eigenfunctions (2.3).
ALα =
1
k
∂αφklk⊥ , A
L
i = 0
ATα =
1
k
√
gǫαβ∂
βφklk⊥ , A
T
i = 0
A(i)α = 0, A
(i)
i = δ
(i)
i φklk⊥ (i) = 1, . . . , d− 2
This leads to an expression for the spin-traced vector heat kernel in terms of the scalar
heat kernel.
gµνK
µν
vector(s, x, x) = (d− 2)Kscalar(s, x, x)
+ 2
∞∑
l=−∞
∫ ∞
0
dk
∫
dd−2k⊥e
−s(k2+k2⊥) 1
k2
gαβ∂αφklk⊥∂βφ
∗
klk⊥
= dKscalar(s, x, x)
+
1
r
∂r
∞∑
l=−∞
∫ ∞
0
dk
∫
dd−2k⊥e
−s(k2+k2⊥) 1
k2
r∂r|φklk⊥ |2
= dKscalar(s, x, x) +
2
r
∂rsKscalar(s, x, x)
The ghosts cancel the bulk free energy of two scalar fields, and one obtains the result given
in the Introduction.
βFgauge = (d− 2)
(
−1
2
)∫ ∞
ǫ2
ds
s
∫
closed loops
Dx(τ) exp−
∫ s
0
dτ
1
4
gµν x˙
µx˙ν
+ β
∫ ∞
ǫ2
ds
∫
x(0)=x(s)∈ horizon
Dx(τ) exp−
∫ s
0
dτ
1
4
gµν x˙
µx˙ν
− βA⊥
∫ ∞
ǫ2
ds
(4πs)d/2
= (d− 2)βFscalar + A⊥(2π − β)
∫ ∞
ǫ2
ds
(4πs)d/2
14
A few remarks on this result:
(i) The surface terms cancel at β = 2π, which is fortunate, because there should not be
a contact interaction with the horizon when the curvature there vanishes.
(ii) There are different measures for the integral over proper time in the surface free energy
compared to the bulk. The additional 1/s is present in the bulk because the group of
global isometries of a circle, τ → τ + const., must be gauge fixed when performing a
path integral over closed particle paths [27].
As we shall see in the next section, no surface term arises for spinor fields. Note
that the vector surface term arises from the behavior of the fields in the two dimensions
which contain the conical singularity. The reason gauge fields differ from spinors and
scalars is that they are not conformally invariant in d = 2. All fields become effectively
massless close to the tip of the cone, where the proper temperature goes to infinity. Scalar
and spinor fields are conformally invariant in this limit, and one may use techniques from
conformal field theory to obtain their entropy [28]. A conformal mapping from the cone to a
cylinder shows that, for any conformal field theory, the leading divergence of the entropy is
insensitive to the boundary conditions imposed at the tip of the cone. This argument does
not apply to gauge fields, where a singular boundary term arises. For example, cutting out
a small disc around the tip of the cone and imposing boundary conditions on the resulting
edge would dramatically change the vector partition function by eliminating the surface
term.
4. Spinor Fields
Having treated spins zero and one, it is natural to inquire as to what happens for spin
one-half. We now show that no surface term arises, and that the contribution of a fermion
to the entropy of a black hole is equal to its entropy of entanglement as well as its Rindler
thermal entropy. We work in two dimensions.
We first ask whether there is a well defined Rindler Hamiltonian for fermions. Intro-
duce the standard zweibein and spin connection on the cone.
ds2 = dr2 + r2dθ2 0 ≤ θ ≤ β
e1 = cos
(
2π
β
θ
)
dr − r sin
(
2π
β
θ
)
dθ
e2 = sin
(
2π
β
θ
)
dr + r cos
(
2π
β
θ
)
dθ
ω =
(
1− 2π
β
)
dθ
(4.1)
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The spin connection has been chosen so that parallel transport around the tip of the cone
generates a rotation through the deficit angle 2π − β. At β = 2π this zweibein reduces to
the usual Cartesian basis of flat space, and the spin connection vanishes. An inequivalent
spin structure on the cone is defined by
e1 = dr, e2 = rdθ, ω = dθ . (4.2)
The two spin structures differ by a topologically non-trivial Lorentz rotation, which winds
once around the Lorentz group as the origin is encircled. This will be important below.
The Euclidean Dirac equation (i∇/−m)ψ = 0 on a cone may be presented in the form2
exp(−iπθγ5/β) γ2(∂θ +HR) exp(iπθγ5/β)ψ = 0
where the Rindler Hamiltonian is explicitly given by
HR =
( −i(r∂r + 12 ) −imr
imr i(r∂r +
1
2 )
)
.
The rotation operators eiπθγ
5/β are present because the zweibein (4.1) depends on θ.
The rotation operators make up for this, by rotating ψ to the θ-independent frame (4.2),
where the rotational invariance of the cone is manifest, and rotations are generated by
a Rindler Hamiltonian that is independent of θ. HR is self-adjoint in the inner product
< ψ1|ψ2 >=
∫∞
0
drψ†1(r)ψ2(r), and has a complete set of eigenfunctions.
ψE(r) =
1
π
√
m coshπE
(
KiE−1/2(mr)
KiE+1/2(mr)
)
HRψE = EψE −∞ < E <∞∫ ∞
0
drψ†EψE′ = δ(E − E′)
We see that there is no difficulty in constructing a Rindler Hamiltonian for fermions.
The formal argument showing that entropy of entanglement is identical to Rindler ther-
mal entropy applies to fermions [3,7,8,9,15]. To construct the entropy of entanglement
for fermions directly from its definition one must introduce a functional state space for
fermions [29]. The entropy of entanglement for fermions has been calculated directly from
its definition by Larsen and Wilczek [30].
2 Conventions: γ1 = iσ1, γ2 = iσ2, γ5 = iγ1γ2 = σ3, ψ¯ = ψ†γ2. Σab =
1
4
[γa, γb], ∇µ =
∂µ +
1
2
ωabµ Σab = ∂µ −
i
2
ωµγ
5.
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To make contact with black hole entropy, we write the Rindler thermal partition
function as a determinant,
βFDirac = −1
2
log det(−∂2θ +H2R) ,
where the determinant is over functions which are anti-periodic in θ. This determinant
may be represented as a functional integral over anti-periodic Grassmann fields.
βFDirac = − log det i (∂θ +HR)
= − log
∫
DψDψ† exp
∫ β
0
dθ
∫ ∞
0
dr ψ† i (∂θ +HR)ψ
= − log
∫
DψDψ¯ exp−
∫
d2x
√
gcone ψ¯
i
r
γ2 (∂θ +HR)ψ
= − log
∫
DψDψ¯ exp−
∫
d2x
√
gcone ψ¯ (i∇/−m)ψ
One gets the classical action for a fermion on a cone, but with the other choice of spin
structure. That is, in the last line ∇/ is constructed from (4.2), which differs from the
standard spin connection (4.1) by a Lorentz rotation which varies from zero to 2π as the
origin is encircled. One may revert to the standard spin connection on a cone, at the price
of changing the fermion boundary conditions from anti-periodic to periodic. So in the end
we have an expression for entropy of entanglement in terms of a functional integral over
fermions which are periodic on a cone.
There is also the question of the appropriate measure in the functional integral. As in
the scalar case, the measure that reproduces the Rindler thermal partition function is the
canonical measure on a cone, which differs from the covariant measure by a term of O(β)
in the free energy. This difference does not affect the thermodynamics, so we will neglect
it, and proceed to calculate the fermion free energy using the covariant measure.
The free energy can be expressed in terms of a heat kernel.
βF = − log det(i∇/−m)
= −1
2
log det(∇/2 +m2)
=
1
2
∫
d2x
√
g
∫ ∞
ǫ2
ds
s
e−sm
2
TrKDirac(s, x, x)
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The heat kernel is constructed from eigenfunctions of the Dirac operator. For β < 2π the
Dirac operator has a complete set of non-singular eigenfunctions [31].
ψkl =
√
k
2β
(
ei2πlθ/βJ|ν|(kr)
−i sign(ν)ei2π(l+1)θ/βJ|ν|+sign(ν)(kr)
)
ν ≡ 2π
β
(l +
1
2
)− 1
2
, k ∈ R+, l ∈ Z
∇/ψkl = kψkl ∇/γ5ψkl = −kγ5ψkl∫
d2x
√
g ψ†klψk′l′ = δll′δ(k − k′)
For β > 2π these eigenfunctions develop a singularity at the origin. In fact there are no
non-singular eigenfunctions of the Dirac operator when β > 2π, as using the other set of
Bessel functions Yν(z) also leads to singular eigenfunctions. This necessitates a non-trivial
self-adjoint extension of the Dirac operator [31]. The self-adjoint extension parameter
must be chosen so as to make the free energy analytic across β = 2π. A simpler procedure,
which we will adopt, is to calculate for β < 2π and define the free energy for β > 2π by
analytic continuation. The heat kernel may be evaluated using the same techniques as in
the scalar case [23,24]. At coincident points the spin traced heat kernel is given by
TrKDirac(s, x, x) = Tr
∞∑
l=−∞
∫ ∞
0
dke−sk
2
(
ψkl(x)ψ
†
kl(x) + γ
5ψkl(x)ψ
†
kl(x)γ
5
)
=
1
2πs
+
1
β
1
2πs
∫ ∞
−∞
dye−
r
2
s
cosh2(y/2) i sinh
y
2
sin π
β
(π + iy)
.
Substituting this into the expression for the free energy, we find the same free energy as a
scalar field in two dimensions, aside from a difference in the cosmological constant which
we neglect.
βFDirac = −π
2
3β
(
1−
(
β
2π
)2)∫ ∞
ǫ2
ds
4πs
e−sm
2
This result was given in the Introduction; it leads to the same entropy at β = 2π as was
calculated from the renormalization of Newton’s constant in d = 2.
5. Conclusions
In exploring the relationship between black hole entropy and entropy of entanglement,
we have seen that, for scalar and spinor fields, the two are identical, while for gauge fields,
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they differ by a contact interaction with the horizon which appears in the black hole
entropy but not in the entropy of entanglement. The contact interaction makes a negative
contribution to the entropy of a black hole, and is responsible for the non-renormalization
of Newton’s constant in certain supersymmetric theories. It does not have a thermal or
state counting interpretation within quantum field theory. It is the field theoretic residue
of the interaction proposed by Susskind and Uglum which couples a closed string to an
open string stranded on the horizon.
The classical entropy of a black hole also arises from a contact term localized on the
horizon [1,2]. A state counting interpretation of these contact terms is only possible if
quantum gravity introduces a degree of non-locality, which resolves the point-like contact
terms into extended interactions for which a notion of state counting can exist. It seems
plausible that such an effect does occur, as one would expect quantum gravity to de-
localize the horizon by at least a Planck length. A concrete proposal has been put forth
by Susskind and Uglum, in which the extended nature of fundamental strings provides a
resolution of the contact interactions and leads to a state counting interpretation of the
classical black hole entropy [7].
We are led to investigate these issues in theories which are non-local at short distances.
One way to obtain such behavior within ordinary quantum field theory is to study the
behavior of a composite field, constructed in a non-local way from elementary fields. Such
constructions arise naturally in the low energy description of certain large N field theories
[32].
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